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Abstract
We show that the cobordism class of E determines the smooth fibering RP2n→ E→ RP2m.
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1. Introduction
Let
RP2n i→ E
↓ pi
RP2m
be a smooth fibering with base and fiber being even-dimensional real projective spaces.
E is a closed smooth manifold and one may consider the class of E in the unoriented
cobordism ring. The purpose of this paper is to examine the extent to which the cobordism
class of E determines the fibering.
Because the fibering pi is locally trivial, the normal bundle of the fiber in E is trivial
and i∗w(E) = w(RP2n), where w denotes the Stiefel–Whitney class. Then i∗w1(E) =
w1(RP2n) generates the mod 2 cohomology H ∗(RP2n), and the fibering is totally non-
homologous to zero. Letting c ∈ H 1(E) with i∗c 6= 0, H ∗(E) is a free H ∗(RP2m) =
Z2[α]/(α2m+1 = 0)module via pi∗ (which will be ignored in notation) on 1, c, c2, . . . , c2n.
The multiplicative structure is given by a relation
c2n+1 + u1c2n + u2c2n−1 + · · · + u2nc+ u2n+1 = 0,
where u= 1+u1+· · ·+u2n+1 ∈H ∗(RP2m). Applying Steenrod operations to the relation,
one sees that u satisfies the Wu relations (see [1] or [7]) and so u = (1 + α)q for some
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integer q . Letting 2s 6 2m< 2s+1, one has (1+ α)2s+1 = 1, so that q is only determined
modulo 2s+1.
If one replaces c by c′ = c+ α, then c= c′ + α and the relation becomes
(c′ + α)2n+1 + u1(c′ + α)2n + · · · + u2n(c′ + α)+ u2n+1 = 0.
Observing that
2n+1∑
i=0
ciu2n+1−i = c2n+1−i(c+ α)q = (c′ + α)2n+1−i (c′)q,
we get the relation for c′ has corresponding integer q ′ ≡ 2n+ 1− q mod 2s+1.
The Stiefel–Whitney class of E is given by
w(E)= (1+ α)2m+1{(1+ c)2n+1 + u1(1+ c)2n + · · · + u2n(1+ c)+ u2n+1}
(see [1]). From [5, Lemma 3.1] one has
α2m−i c2n+i[E] = α2m−i u¯i
[
RP2m
]
,
where u¯= 1/u, which permits the evaluation of the characteristic numbers of E. Thus, the
integer q (or q ′ = 2n+ 1− q modulo 2s+1) determines the cobordism class of E.
The main result of this paper is the converse of the fact.
Theorem. The cobordism class of E determines the integers q and q ′ = 2n + 1 − q
(modulo 2s+1).
Comments.
(1) Since q or q ′ determine the cobordism class of E, it is clear that the class of E
cannot give more information.
(2) From u= (1+ α)q ,
u1 = qα and w1(E)= (2m+ 1)α + (2n+ 1)c+ qα = c+ (q + 1)α.
Thus, w1(E)= c if and only if q is odd. Since q and q ′ = 2n+ 1− q (mod 2s+1)
have different parity, one may suppose q is odd for convenience.
(3) If E is the real projective space bundle of a (2n+ 1)-plane bundle ξ , and c is the
first Stiefel–Whitney class of the standard line bundle over RP(ξ), then u = w(ξ)
is the Stiefel–Whitney class of ξ and the facts given are well known. The relation
between q and q ′ is the fact that RP(ξ)= RP(ξ ⊗ `) where ` is the nontrivial line
bundle over RP2m (see [4, Proposition 2.5.3]).
If q 6 2n+ 1, the integer q arises for a (2n+ 1)-plane bundle. If 2m6 2n, q` is
realized by a (2n+ 1)-plane bundle by stability. For 2n < 2m and 2n+ 1 < q one
must have(
q
i
)
≡ 0 mod 2 if 2n+ 16 i 6 2m
in order that ui = 0. In particular, one must have q > 2m + 1. It is not clear that
such q-values occur for (2n+ 1)-plane bundles or even for fiberings. Such q-values
certainly arise for Poincaré algebras, and the arguments apply to the algebras.
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2. The proof
One may suppose c chosen so that q is odd, as previously indicated. Then
w(E)= (1+ α)2m+1
{
(1+ c)2n+1 + α(1+ c)2n+
(
q
2
)
α2(1+ c)2n−1 + · · ·
}
,
and
w1 = c,
w2 = nc2 + αc+
(
m+ 1+
(
q
2
))
α2.
It is convenient to let
w˜2 =w2 + nw21 = αc+ λα2,
where λ=m+ 1+ (q2).
One may begin with an easy case.
Case 1. n+ 1>m. Since n+ 1>m, 2n+ 2− 2m> 0 and one has the characteristic
class
w˜2m−12 w
2n+2−2m
1
= c2n+2−2m(αc+ λα2)2m−1
= c2n+2−2m(α2m−1c2m−1 + (2m− 1)α2m−2c2m−2λα2 + higher terms in α)
= α2m−1c2n+1 + λα2mc2n,
so
w˜2m−12 w
2n+2−2m
1 [E] =
(
α2m−1u¯1 + λα2m
)[
RP2m
]= 1+ λ,
for u¯1 = u1 = α. Thus, the cobordism class of E determines λ or equivalently
(
q
2
)
mod 2.
If one now considers
w˜2m−k2 w
2n+2k−2m
1 = c2n+2k−2m(αc+ λα2)2m−k
= α2m−kc2n+k + higher terms in α,
one has
w˜2m−k2 w
2n+2k−2m
1 [E] = α2m−ku¯k
[
RP2m
]+ additional terms,
where the additional terms depend only on m, n, k, λ, and the values α2m−i u¯i[RP2m] for
i < k. By induction, the cobordism class of E determines every u¯k . Since knowing u¯ is
equivalent to knowing u= 1/u¯= (1+ α)q , the class of E determines q .
Case 2. n + 1 < m. One may then consider the characteristic numbers w˜2m−k2 ·
w2n+2k−2m1 [E] for m− n6 k 6 2m. One has
w˜2m−k2 w
2n+2k−2m
1 = α2m−k(c+ λα)2m−kc2n+2k−2m,
and to find the value on E, one multiplies each power of α by a corresponding term in
u¯= 1/u= (1+ α)2s+1−q and evaluates on RP2m. Thus
182 N. Saiers / Topology and its Applications 103 (2000) 179–186
w˜2m−k2 w
2n+2k−2m
1 [E] = coefficient of α2m in α2m−k(1+ λα)2m−k(1+ α)2
s+1−q
=

(
2s+1 − q
k
)
if λ= 0,(
2s+1 − q + 2m− k
k
)
if λ= 1.
Fact 1. The cobordism class of E determines λ or equivalently (q2) mod 2. In particular,
λ = 1 if and only if every characteristic number w˜2m−k2 w2n+2k−2m1 [E] with k odd and
m− n6 k < 2m is zero.
Since q is odd, if k is odd, then 2s+1 − q + 2m− k is even and the binomial coefficient(
2s+1 − q + 2m− k
k
)
≡ 0 mod 2.
Thus, for λ= 1 the indicated characteristic numbers are zero.
If λ= 0 and the indicated characteristic numbers are zero, then (2s+1−q
k
)= 0 for k odd
and m− n6 k < 2m. Because q is odd, one has(
2s+1 − q
k
)
=
(
2s+1 − q
k − 1
)
,
if k is odd, and so(
2s+1 − q
k
)
= 0 form− n6 k < 2m.
Here 2s 6 2m< 2s+1, and m− n <m< 2s , so if 2s < 2m one has (2s+1−q2s )= 0 and hence
also
(2s+1−q
2m
)= 0. If 2s = 2m, one might have (2s+1−q2m )= 1.
If
(2s+1−q
k
)= 0 for m− n6 k 6 2m, one must have (2s+1−q2s )= 0 so 2s+1 − q < 2s and
then 2s+1 − q = x <m− n. One may now write q = 2s+1 − x = 2s+1 − 1− 2j since x is
odd. From 2m one may then remove every power of 2 appearing in 2j to form 2m− 2t ,
2t 6 2j . One then has(
q
2m− 2t
)
=
(
2s+1 − 1− 2j
2m− 2t
)
= 1 and 2t 6 2j = x − 1,
so 2m> 2m− 2t > 2m− x+ 1> 2m+ 1− (m−n)=m+n+ 1> 2n+ 1. However, one
knows that
(
q
i
)= 0 for 2n+ 1< i 6 2m, and this value of q is not allowable.
If (
2s+1 − q
2m
)
= 1 and
(
2s+1 − q
k
)
= 0 form− n6 k < 2m,
one has 2m= 2s and 2s+1 − q = 2s + x with x <m− n. Then q = 2s − x = 2m− x and(
q
2m− x
)
≡ 1,
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where 2m> 2m− x > 2m− (m− n)=m+ n> 2n+ 1. As above, this value of q is not
allowable.
Thus, there is no allowable q with λ= 0 and the indicated characteristic numbers being
zero. This establishes the fact.
One may now consider the case λ= 0, so that
w˜2m−k2 w
2n+2k−2m
1 [E] =
(
2s+1 − q
k
)
for m− n6 k 6 2m.
If
(2s+1−q
2s
)≡ 0, then (2s+1−q
k
)≡ 0 for k > 2s . There is then a largest (odd) value of k for
which
(2s+1−q
k
)≡ 1 with m− n6 k < 2s , and 2s+1 − q = k or q = 2s+1 − k.
If
(2s+1−q
2s
) ≡ 1 and there is a k with m− n 6 k < 2s and (2s+1−q
k
) ≡ 1, then there is a
largest (odd) such k and one has 2s+1 − q = k + 2s or q = 2s − k for that choice of k.
If
(2s+1−q
2s
) ≡ 1 and (2s+1−q
k
) ≡ 0 for all k with m − n 6 k < 2s , then one knows that
2s+1 − q = 2s + x with x <m− n. Then q = 2s − x < 2s 6 2m. Since (q
q
)= 1, one must
have q = 2s − x 6 2n+ 1 and so 2s+1− q = 2s + x 6 2n+ 1+ 2x < 2n+ 1+ 2(m−n)=
2m+ 1. This means 2s+1 − q 6 2m, and so 2s+1 − q is the largest (odd) value of k with
m− n6 k < 2m for which (2s+1−q
k
)≡ 1.
This establishes
Fact 2. In the case λ= 0, the cobordism class of E determines q .
One may now restrict attention to the case λ= 1. One introduces the class
ŵ = w
(1+w1 + w˜2)2m+1(1+w1)2n−2m .
For each r > 2 with 2r 6 2n+ 1, one may write 2m= 2m′ + 2r t where 06 2m′ < 2r , and
consider the characteristic numbers
ŵ
t−j
2r w˜
2m′
2 w
2n−2m′+2r j
1 [E] for 06 j 6 t .
Note that 2n− 2m′ > 2n− 2r >−1, so that these numbers exist.
One now notes that λ = m + 1 + (q2) = 1 says (q2) = m = (2m+12 ). Of course, (q1) =(2m+1
1
) = 1, so the condition λ = 1 really says that q = 2m + 1 mod 4. One may then
consider writing
q = 2m+ 1+ 2p(2b+ 1) with p > 2,
where 2b+ 1 is odd (but not necessarily positive). It should be noted that for q = 2m+ 1
one would have
(
q
2m
)= 1 and obviously 2m> 2n+ 2> 2n+ 1, so that q = 2m+ 1 is not
an allowable value. Thus, there is such an expression for q .
One has
w(E)= (1+ α)2m+1(1+ c+ α)q(1+ c)2n+1−q
= ((1+ α)(1+ c+ α))2m+1(1+ c+ α)2p(2b+1)(1+ c)2n+1−(2m+1+2p(2b+1))
= (1+ c+ α(c+ α))2m+1(1+ c)2n−2m((1+ c+ α)(1+ c)−1)2p(2b+1)
= (1+w1 + w˜2)2m+1(1+w1)2n−2m(1+ α + higher terms)2p(2b+1),
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so
ŵ = 1+ α2p + higher terms.
If p > r , the numbers
ŵ
t−j
2r w˜
2m′
2 w
2n−2m′+2r j
1 [E],
are zero since ŵ2r = 0. If p = r , then one may write
q = 1+ 2m′ + 2rv,
and one has
ŵ
t−j
2r w˜
2m′
2 w
2n−2m′+2r j
1 [E]
= α2r (t−j)(α(c+ α))2m′c2n−2m′+2r j [E]
= coefficient of α2m′+2r t in α2r (t−j)+2m′(1+ α)2m′(1+ α)2s+1−q
=
(
2s+1 − q + 2m′
2rj
)
=
(
2s+1 − 1− 2rv
2rj
)
.
For j = 0, this binomial coefficient has value 1 mod 2 and so one of the characteristic
numbers associated with r is nonzero when p = r . Further, the values of the characteristic
numbers associated to j , when 1 6 j 6 t is a power of 2 determine the powers of 2 in
the 2-adic expansion of v. Note that the maximum such power is s − r and 2m + 1 =
1 + 2m′ + 2r t implies 2s−r 6 t . Thus, these characteristic numbers determine the value
of v, and hence q .
If all of the given characteristic numbers of E are zero with r > 2 and 2r 6 2n+ 1, then
one knows that
q = 2m+ 1+ 2p(2b+ 1),
with 2p > 2n+ 1. However, for 2n+ 1< 2p 6 2m, one has ( q2p)≡ 0 mod 2 in order that q
be allowable, and no such power of 2 can occur in the 2-adic expansion of q . There is only
one possible q having this property; the 2-adic expansion of q agrees with that of 2m+ 1
for all 2r 6 2n+ 1 and is zeros for larger powers of 2.
Thus q is determined by the cobordism class of E.
Comment. The manifold E corresponding to the last strange value possible for q is not
a boundary, even though all of the detecting characteristic numbers are zero. The Euler
characteristic ofE is odd for every fiberingRP2n i−→E pi−→RP2m and so these manifolds
never bound.
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3. Relation with Boardman’s work
In 1967, Boardman revolutionized the study of the cobordism of involutions by
introducing a homomorphism
N∗(BO)→N∗(BZ2)
from the bordism group of BO (equivalence classes of pairs [M,ξ ], where M is a closed
manifold and ξ is a stable vector bundle over M) into the cobordism of BZ2. In his
announcement [2] he described this homomorphism explicitly as
J :Nn(BO)→N∗[[θ ]],
where J ([Mn, ξ ])=∑αrθr and αr ∈Nr is given by the following procedure. One begins
by realizing the stable bundle ξ overMn as a genuine vector bundle ηk and for any integer
j considers the manifoldRP(ηk+j) of dimension n+k+j−1. Over this projective space
bundle one has the standard line bundle µ with w1(µ)= c. The Smith homomorphism ∆
assigns to the pair (RP(ηk + j),µ) the submanifold dual to µ (or to c) with the restriction
ofµ (or c) to it. The coefficient αr is the cobordism class (inN∗) of the underlying manifold
of
∆n+k+j−1−r
(
RP(ηk + j),µ).
That this homomorphism is well defined depends on the fact [6, 26.4] that for j > 0,
∆
(
RP(ηk + j),µ)= (RP(ηk + (j − 1)),µ).
In particular, if r is sufficiently large (so r = n+ k+ j − 1 for some k, j ), then αr is the
cobordism class of a bundle RP(ηk + j), and the coefficients αs for s < r are completely
determined by the characteristic numbers
wi1 · · ·wis ct
[
RP(ηk + j)],
using the Stiefel–Whitney classes of RP(ηk + j) and the extra class c.
Boardman’s fundamental result is that this homomorphism J is monic. This result is
stated explicitly in [3], Corollary 17 in the rather obscure form that J :M[s−1] → L is
monic.
If one now considers classes [RP2m, ξ ] in N∗(BO), it is clear that the class is determined
by q where w(ξ)= (1+ α)q , 06 q < 2s+1. Since w1(RP2m)= α,
w2m−2
p
1
(
RP2m
)
w2p (ξ)
[
RP2m
]= ( q
2p
)
,
and the class [RP2m, ξ ] also determines q .
By stability, every class [RP2m, ξ ] is realized by a (2m+ 1)-dimensional vector bundle.
The classes α4m(ξ) and α4m+2(ξ) are then the classes of smooth fiberings over RP2m
with fibers RP2m and RP2m+2, respectively. By the theorem, the class α4m(ξ) for q is the
same as α4m(ξ ′) for q ′ if and only if q ′ = 2m+ 1− q (mod 2s+1), and similarly the class
α4m+2(ξ) is the same as α4m+2(ξ ′′) for q ′′ if and only if q ′′ = 2m+ 3− q (mod 2s+1). The
pair of terms α4m(ξ) and α4m+2(ξ) then suffice to distinguish the values of q .
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Thus, one sees quite explicitly that J is one-to-one on the classes [RP2m, ξ ] in N∗(BO).
These classes may also be distinguished by using only the terms in J ([RP2m, ξ ]) of
degree less than or equal to 4m in θ . Specifically, the terms of degree at most 4m
give the class of (RP(ξ), c) for a representing bundle of dimension 2m + 1. This class
is given by the cobordism class of RP(ξ), i.e., α4m(ξ), and the characteristic number
c2m(c+w1)2m[RP(ξ)], which is 0 for q odd and 1 for q even.
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